The Einstein field equations for the Friedmann universe reduce to a system of three first-order equations for the space-like components and a constraint from the temporal component. We analyse the system from the viewpoints of symmetry and singularity analyses. The solutions of particular relevance to Cosmology are highlighted.
Introduction
Friedmann introduced the metric [1] [2] [3] 
and with the aid of the existing theory of general relativity created an homogeneous and isotropic expanding universe. The permissible values for the constant spatial curvature, , in (1) are = +1 −1 and 0 for a closed, open and flat Friedmann universe, respectively. The function ζ( ) represents the scale factor of the universe at any time . Since most experimental data converge to the idea that our universe is probably flat, we mostly examine this particular case. When = 0, (1) is
The spatial part of (2) describes the ordinary threedimensional Euclidean space. The geometric interpretation for the closed and open universes is somewhat more complicated. The evolution of the scale factor, ζ( ), is given by the Einstein equationsζ = − 4π 3
for a perfect fluid of pressure ( ), fluid energy density of matter in the universe ρ( ) and equation of state ( ) = ρ( ), where is a constant. The gravitational constant G is the Planck mass and H( ) =ζ( )/ζ( ) is the Hubble expansion rate (the minimum age of the universe is H −1 0 , where H 0 is the present Hubble constant). From the cosmological point of view the parameter in the equation of state plays an important role in the nature of the behaviour of the evolution of the universe. For example the values = 1/3 0 −1/3 −1 correspond to radiation, to dust, to the transition from a decelerating expansion to an accelerating expansion (gas of strings) and to quantum vacuum, respectively. In §5. 8 we provide an overview of the solutions obtained in each of these cases. The energy conservation laẇ ρζ 3 + 3(ρ + )ζ 2ζ = 0 (5) is immediately implied. When we use the equation of state for matter in the universe and the rescale ρ by 8πG, equations (3), (4) and (5) becomeζ 
= /
and the integral consequence 
since it may be written as = 1/3( 2 − 3 2 ) as can be verified by differentiation and the use of (10). It becomes a constraint for any specific value of . The values 0 ±1 come from the underlying context, ie cosmology. For the purposes of our analysis of (7), the specific values need not be considered and so (9) is not a constraint since it does not reduce the number of degrees of freedom of (7) . However, when we look to cosmological applications, the space of initial conditions is constrained by the specific values of . Note the 3 in (9) and its absence in the system considered in [4] due to a misprint. The two parameters and are related, through their definitions (8) , according to 2 + = 6
We provide a detailed analysis of the system (7); in §2 we commence with the symmetry analysis and we examine the reduced equation for for the solution in closed-form, in §3 we discuss the first integrals of the three possible reductions of the system and in §4 we comment upon the complete symmetry group that the third-order equivalent exhibits. The results obtained through the application of the standard singularity analysis [5, 6] are given in the fifth Section. We also give explicit stress to two particular cases. Both cases offer interesting insights into the process of singularity analysis, in particular the latter highlights the necessity of introducing logarithmic terms into the expansion. In the last Section we briefly review our results and provide various comments on the problem.
Symmetry analysis

The third-order equivalent
The scalar third-order ordinary differential equation equivalent to system (7) is
Equation (11) possesses the symmetries 1
• No restrictions on the parameter.
with the algebra A 1 ⊕ A 2 .
• = −4.
the maximal number for a third-order equation with the algebra { (2 R) ⊕ A 1 } ⊕ 3A 1 .
• = −1. 
The system of one second-order and one first-order equation
Firstly we may eliminate from (7) along the lines of the second part of the method of reduction of order 2 to obtain the 2 + 1 system¨
The Lie point symmetries of system (15) are as follows.
• No restrictions on the parameters.
with the algebra A 1 ⊕ (2 R).
• = −1. [7] .
Note that the values = 0 and = 0 are also special cases. The former case corresponds to = −1 and marks the transition to the presence of phantom matter. The latter marks the change from decelerating expansion to accelerating expansion. Mathematically these cases present no challenge. When = 0, the density is a constant and the scale factor oscillates for positive density according to ζ( ) = A sin 2 ( − 0 ), where ρ( ) = 2 . Evidently such a universe has a short life. For negative density ζ( ) = A sinh 2 ( − 0 ), where now ρ( ) = − 2 . When = 0, the scale factor is a linear function, ζ( ) = A( − 0 ) and the density varies as ρ(
. Both solutions indicate singular behaviour.
The reduction to an Emden-Fowler equation
We observe that
that is, the system is reduced to an Emden-Fowler equation through the quadrature. 
The latter solution is analytic and the former has a branchpoint singularity.
In the cases = 1 and = 2 we obtain the well-known solutions in terms of elliptic functions. When = −4, the symmetry analysis leads to an easy quadrature by the possession of extra symmetry and the nature of the solution, that is a branch-point singularity, is indicated by the singularity analysis. We return to the specific values of which are relevant to the cosmological aspects of the model and compute the integral in (21). For = 0, I = 0 and from (21) we have
For = ±1, I = ∓1 and ( ) is expressed implicitly through the standard hypergeometric function. In the evaluation of (21) and the subsequent explicit expressions care must be taken to maintain physical reality in the values of the parameters. For example for a space of positive curvature I = −1 and in the integrand of (21) the scale factor is limited by the inequality +1 > 3/ which means that ( ) is bounded from below and it is necessary that be positive. For a space of negative curvature the scale factor is bounded from above if < 0.
First integrals
We firstly start from the two special cases. As we have already noted above, for = −1 equation (11) is ... = 0, which has the three first integrals
Once one has the first integrals the first and second derivatives may be eliminated 3 to give the solution (11) is ... + 3˙ ¨ = 0, which has the three first integrals It is amusing to compare (25) and (26) with (23) and (22), respectively. As one can easily observe, the structures of the solutions are the same apart from the labelling of the constants of integration. For general values of equation (11) has the two obvious first integrals
Note that I 1 can be equally written as
Interestingly I 2 and I 1 (as written just above) are the same for = −2 and = 2 and interchangeably the same for = −1 and = −4. An alternative way to arrive to the product of these two first integrals is via the symmetry Γ 3 = ∂ which equation (11) possesses. (Reduction of order using the other two symmetries leads to nothing useful.) The determination of the third first integral for general does not seem to be possible.
Complete symmetry group
In this Section we provide the complete symmetry group 4 of equation (11) for general . Consider the general third-order ordinary differential equation
The first symmetry, ∂ , simply removes the time dependence from and, when Γ 2 = ∂ is imposed, (27) becomes
The action of the third extension of Γ 3 = ∂ on (28) yields
Since equation (11) possesses no more than three Lie point symmetries, the inclusion of a nonlocal symmetry is necessary for its complete specification. This is found to be
using a standard procedure [8] .
Singularity analysis
General comments
The variation in the nature of the solution for these two values of is sufficient to encourage one to make a singularity analysis of (20). The leading-order term has exponent −2/ and coefficent given by α = 12/ 2 . The resonances 5 at which the required arbitrary constants of integration enter the Laurent expansion are = −1 2 + 4/ . For a solution which is analytic apart from movable polelike singularities (Painlevé Property) one requires that 2/ be a positive integer. For a solution with a branchpoint singularity (Weak Painlevé Property) 2/ needs to be a nonintegral rational. The case = −1 highlighted above as an instance of an analytic solution is not covered by the singularity analysis in the form of (20) 
Results reported in [4]
The singularity analysis of system (7) with (8) and (9) was performed by Cotsakis and Barrow under the so-called method of asymptotic splittings [4] . The authors reported the following results. The dominant behaviour is given by
where τ = − 0 with 0 being the location of the putative movable singularity, the resonances are
and α = ±β /2, where β = −2α/ from (30). 
whereas for the latter case, where the behaviour is that of the standard radiation models, the expansion is 
The expansions in (32) and (33) contain three arbitrary constants, which indicates that the constraint was not considered. This makes for easier comparison with the results reported below before we impose the Friedmann constraint in Section 5.7.
Standard singularity analysis
Recall that the resonances are = −1 0 and 2 − 2 .
Since the leading-order exponent for (7c) is always = −2, the singularity analysis can proceed for all rational values of . For such values, when < 1, we have the third value for to be positive rational and this gives Right Painlevé Series while for > 1 the third value for is negative and the series are Left Painlevé Series. In both cases all terms are dominant. For = 1 each resonance is a single root and so there is no problem of degeneracy. The special case = 3/2 is treated in a subsequent subsection.
The case = −1
In the case = −1, = 2 and therefore, as claimed in [4] , is an instance of particular solution for (7). We perform the standard singularity analysis of system (7). The leading-order behaviour is
The resonances are found from the equation where I = − . The solution to system (7) in terms of Laurent Series is
where the complete series have been substituted into system (7) and it is found that for and the series terminate as indicated and that for continues in even powers to minus infinity. The Laurent Series is convergent outside a disc surrounding the singularity at 0 . System (36) is a general solution within the domain of convergence for ( ), even when the curvature constraint is imposed. Since is positive, the solution is cosmologically valid for positive since the radius of the disc beyond which the series solution is valid ensures that the scale factor remains nonnegative. As we have shown in (23) and using equations (19) and (7b), the solution of the system (7) for = −1 is
What remains is to reconcile the ( ) between (36) and (37). 
The case = −4/3
The system is˙ = ˙ = (38)
The leading-order behaviour is ( ) = ατ which implies that logarithmic terms must be introduced. We therefore search for a solution of (38) in the form
Direct substitution of (39) into (38) yields the two systems for the coefficients of the expansions
When one observes the truncated solution (39) with (40), at first glance it is apparent that there are four arbitrary constants, 0 α µ and η. We postulate that on a closer look the four constants are actually three. In order to show this we write
From (41), (42) and (43) we conclude that in fact the arbitrariness in 0 is absorbed into the arbitrariness of µ and α. The introduction of the logarithmic terms means that the solution is not analytic in the complex time plane. Nevertheless we can make some comment for real time. The leading-order terms are dominant since the expansion is in descending powers and so the solution has the nature of an asymptotic expansion. For τ = − 0 0 the constant of integration, α, must be real and positive. For τ 0 the constant, α, must be chosen as a purely imaginary number to balance the particular branch chosen for τ 3/2 . Consequently the solution can have cosmological meaning for times distant from the singularity. 
An interpretation for the introduction of logarithmic terms
The zero eigenvector corresponding to the eigenvalue (resonance) −1 implied that logarithmic terms should be introduced into the next-to-leading-order behaviour terms. The reason for this can be simply underlined by studying the equivalent scalar third-order ordinary differential equation, which in this case is
We seek for a next-to-leading-order behaviour of the unspecified form (τ), ie
Substitution of (45) into (44) Thus we see the necessity for the logarithmic Ψ-series initially introduced in (39).
Particular solutions
We examine the system in order to identify all possible cases for a particular solution. The main difference with the standard singularity analysis is basically the vector of leading-order coefficients; in the standard analysis all components of the leading-order coefficients vector must be nonzero, whereas for a particular solution this requirement is relaxed to the nonacceptability of a zero vector only.
Investigation of the leading-order gives the system to be balanced
Equation (47) yields the algebraic systems
for the leading-order exponents and the leading-order coefficients, respectively. System (48a) shows that = −1 and = −2 while system (48b) that, since α = 0 ( ( ) = 0), there are three distinct cases. The first case corresponds to the general solution found in the detailed analysis of the first part of the paper, whereas the two last cases are instances of particular solutions.
Cosmological implications; Spatial curvature
As was pointed out in the introductory part of this paper, the usual spatial curvature can only take three particular values; = 1 corresponds to a closed universe, = 0 to a flat universe and lastly = −1 to an open universe.
For each of these values we provided the solution of this problem in §2.3. What we wish to stress in this point is that for each such value of the constant , system (7) drops to a two-dimensional system by the use of the Friedmann constraint , for = 1/3. When = 1/3 the solution is = , being arbitrary constants. Similarly for systems (50) and (51) the solutions are reduced to the quadrature, (21).
Cosmological implications; Equation of state
Recall that the equation of state was taken in the form = ρ, where is a constant. There are five distinct cases of particular interest. Cases 1 and 3 were discussed thoroughly. Cases 2 and 4 require = 0 and = 0, respectively, and the solutions are trivial. In the case of stiff matter, = −6 and there is a branch-point singularity. When a flat universe is assumed, the solution for the scale factor of the universe is found to be ( ) = (3 ) 1/6 ( − 0 ) 1/3 . For an open or closed universe ( ) is given implicitly through a combination of elliptic integrals.
Conclusion
We analysed the FRW cosmological model 6 = ˙ =
= / 6 Investigations of other FRW models include [10, 11] .
The leading-order behaviour was found to be ( ) = (ατ βτ γτ )
and the resonances = −1 0 2 − 2 = 2 + 4/ System (52) exhibits an
• Analytic solution when − 2 is an integer, except when = −2, which leads to the gas of strings case.
• Branch-point singularity when − 2 is a nonintegral rational, except when = −4/3 (the resonances become = −1(2) 0) -this case has been treated in detail.
The leading-order terms found in our analysis (τ −2/ ) are in direct parallel with those given in standard cosmological textbooks like [1] [2] [3] . Specifically for matterand radiation-dominated universes we have ≈ τ 2/3 and ≈ τ 1/2 , respectively, where ( ) represents the scale factor of the universe. It is interesting to note that both solutions are found under the branch-point singularity case. A justifiably alternative approach is to use the integral consequence, (9) , to reduce the original system tȯ 
when applied to the dominant terms. However, consistency for the full system occurs only for = 0. This is in contrast with the results of the singularity analysis of (52) and for this reason we presented the treatment above. It would appear that the use of first integrals to reduce a system is a delicate matter as far as singularity analysis is concerned. Landau and Lifshitz [1] [pp 358-369] present a general solution to system (7) in that they obtain an integral similar to our (21) for a general equation of state in terms of a variable, η, defined according to d = ζdη. (Here is the speed of light and ζ is the scale factor.) Consequently they have a second quadrature to perform to obtain ζ( ) in general. In the case of a dustlike universe for which = 0 in our equation of state they obtain a specific relationship between and η, namely = ζ 0 (η − sin η), which is reminiscent of Kepler's equation. For η 1 they show that ζ ≈ 2/3 which can be compared with the first term of the Laurent expansion for (τ) in (32). These results are for the closed isotropic model. In the case of the open isotropic model a similar set of calculations leads to the first term in (33). Here we have given a general treatment of system (7) using the mathematical methods of singularity analysis and symmetry analysis which has revealed a greater complexity of behaviour in the solutions of the system than is to be expected if one restricts oneself to purely cosmological considerations.
